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ALGEBRA EXTENSIONS AND DERIVED-DISCRETE
ALGEBRAS
JIE LI
Abstract. Let φ : A → B be an algebra extension. We prove that if φ is
split, the derived-discreteness of A implies the derived-discreteness of B; if φ
is separable and the right A-module B is projective, the converse holds. We
prove an analogous statement for piecewise hereditary algebras.
1. introduction
The notion of a derived-discrete algebra is introduced by [9]. This class of alge-
bras plays a special role in the representation theory of algebras, since their derived
categories are accessible [6]. The derived-discrete algebras over an algebraically
closed field are classified by [9] up to Morita equivalence, and by [3] up to derived
equivalence.
We plan to classify derived-discrete algebras over an arbitrary infinite field. One
approach is to investigate the relation between derived-discreteness and field ex-
tensions. More generally, we study the relation between derived-discreteness and
algebra extensions.
Let us describe our main results. Let φ : A → B be an algebra extension be-
tween two finite dimensional algebras over an infinite field k. We prove that if φ
is a split extension, the derived-discreteness of B implies the derived-discreteness
of A; if φ is a separable extension and the right A-module B is projective, the
derived-discreteness of A implies the derived-discreteness of B; see Theorem 4.1.
The first statement strengthens [9, 3.3]. The condition that B is projective as a
right A-module in the second statement is necessary; see Example 4.4. We prove
analogous statements for piecewise hereditary algebras; see Proposition 5.1. As an
application, if k is algebraically closed, we prove that the quiver presentation (Q, I)
of an algebra, where (Q, I) is a gentle one-cycle quiver with the clock condition, is
compatible with finite field extensions and certain skew group algebra extensions;
see Proposition 5.3.
Throughout, we fix an infinite field k. We require that all the algebras are finite
dimensional over k, and all the functors are k-linear.
2. Derived-discrete algebras
In this section, we recall derived-discrete algebras. Denote by N(Z) the set of
vectors n = (ni)i∈Z of natural numbers with only finitely many nonzero entries.
Let A be a finite dimensional algebra over k. Denote by A-mod the abelian cat-
egory of finitely generated left A-modules. Let Db(A-mod) be its bounded derived
category. For each X in Db(A-mod), let
dimkX = (dimk H
i(X))i∈Z ∈ N
(Z)
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be its cohomology dimension vector. Denote by [X ] the isomorphism class of X in
Db(A-mod).
Definition 2.1. A k-algebra A is called derived-discrete [9] over k, if for any
vector n = (ni)i∈Z in N
(Z),
{[X ] ∈ Db(A-mod) | dimkX = n}
is a finite set.
Remark 2.2. 1) Assume that K/k is a finite field extension, and A is a finite
dimensional K-algebra. Then A is derived-discrete over K if and only if A is
derived-discrete over k.
2) When k is algebraically closed, we recall the classification of derived-discrete
algebras given in [9, Theorem 2.1]. A connected k-algebra A is derived-discrete
over k if and only if A is either piecewise hereditary of Dynkin type or admits a
quiver presentation A ≃ kQ/I such that (Q, I) is a gentle one-cycle quiver with the
clock condition. More precisely, the latter condition means that the gentle quiver
(Q, I) contains exactly one cycle, and in the cycle, the number of clockwise oriented
relations does not equal the number of counterclockwise oriented relations.
Denote by K−(A-proj) the homotopy category of bounded-above complexes of
finitely generated projective left A-modules. Let Kb(A-proj) (resp. K−,b(A-proj))
be its full subcategory consisting of bounded complexes (resp. complexes with
bounded cohomologies). There is a well-known triangle equivalence
p : Db(A-mod) −→ K−,b(A-proj),
sending X to its projective resolution pX . For each P in K−(A-proj), let P≥t ∈
Kb(A-proj) be the brutal truncation of X at degree t.
Lemma 2.3. Let X, Y be in Db(A-mod), and t be an integer such that Hi(X) =
Hi(Y ) = 0 whenever i ≤ t. Then (pX)≥t ≃ (pY )≥t in K
b(A-proj) implies that
X ≃ Y in Db(A-mod).
Proof. Let (f i)i∈Z : (pX)≥t → (pY )≥t in K
b(A-proj) be a homotopy equivalence.
By assumption, Ht(pX) = Ht(pY ) = 0. So (f i)i∈Z induces an quasi-isomorphism
(f
i
)i∈Z from pX to pY as follows.
pX : . . . // 0
0

// KerdtpX
f
t−1

// (pX)t
dtpX
//
f
t
=ft

(pX)t+1
f
t+1
=ft+1

d
t+1
pX
// (pX)t+2
f
t+2
=ft+2

d
t+2
pX
// . . .
pY : . . . // 0 // KerdtpY
// (pY )t
dtpY
// (pY )t+1
d
t+1
pY
// (pY )t+2
d
t+2
pY
// . . .
So we have isomorphisms X ≃ pX ≃ pX ≃ pY ≃ pY ≃ Y in Db(A-mod). 
Recall that a complex P inK−(A-proj) is called homotopically-minimal if Imdi ⊆
radP i+1 for each i, where di : P i → P i+1 is the differential. Each X in Db(A-mod)
has a homotopically-minimal projective resolution which is quasi-isomorphic to X ;
see [2, Proposition B.1].
Lemma 2.4. Assume that we are given n = (ni)i∈Z ∈ N
(Z). Then the set
{dimk P
i |P ∈ K−,b(A-proj) homotopically-minimal with dimkP = n}
is bounded for each i ∈ Z.
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Proof. Let r be the largest integer such that nr 6= 0. By assumption, for each
homotopically-minimal P in K−(A-proj), we have
dimk(P
i/radP i) ≤dimk(P
i/Imdi−1)
= dimk P
i − dimk Imd
i−1
= dimk Kerd
i + dimk Imd
i − dimk Imd
i−1
= dimkH
i(P ) + dimk Imd
i
≤ dimkH
i(P ) + dimk P
i+1.
So dimk P
i = 0 for i > r. Recall that given n in N, the set
{dimkQ |Q a projective A-module with dimk(Q/radQ) ≤ n}
is bounded. We can prove the statement inductively on i from r to any integer less
than r. 
Recall that the component dimension vector of a bounded complex X is denoted
by
c-dimkX = (dimk X
i)i∈Z ∈ N
(Z).
The following lemma is essentially contained in [9, Theorem 2.1 (ii) and (iii)]
and [1, Theorem 2.3 a)]. We include a direct proof.
Lemma 2.5. The following statements are equivalent.
(1) The algebra A is derived-discrete over k.
(2) For each n ∈ N(Z), {[P ] ∈ Kb(A-proj) | dimkP = n} is a finite set.
(3) For each n ∈ N(Z), {[P ] ∈ Kb(A-proj) | c-dimkP = n} is a finite set.
Proof. (1)⇒(2) is obvious.
(2)⇒(3). For each n ∈ N(Z), n has finitely many partitions. By assumption, the
set
{[P ] ∈ Kb(A-proj) | dimkP ≤ n}
is finite. Since the cohomology dimension vector is not larger than the component
dimension vector, the set
{[P ] ∈ Kb(A-proj) | c-dimkP = n}
is finite.
(3)⇒(1). For each n = (ni)i∈Z ∈ N
(Z), let t be the least number such that
nt+1 6= 0 and r be the greatest number such that nr 6= 0. For eachX ∈ D
b(A-mod),
let pX ∈ K−(A-proj) be the homotopically-minimal projective resolution. By
Lemma 2.4, for each i, dimk(pX)
i
≥t is uniformly bounded, say by mi. We can
assume that mi = 0 for i < t and i > r. Set m = (mi)i∈Z ∈ N
(Z).
Notice that m has finitely many partitions. By assumption, the set
{[(pX)≥t] ∈ K
b(A-proj) |X ∈ Db(A-mod) with c-dimk(pX)≥t ≤ m}
is finite. By the argument in the above paragraph, the set
{[(pX)≥t] ∈ K
b(A-proj) |X ∈ Db(A-mod) with dimkX = n}
is finite. By Lemma 2.3, the set
{[X ] ∈ Db(A-mod) | dimkX = n}
is finite. 
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3. Separable functors and algebra extensions
In this section, we recall the notions of separable functors, separable extensions
and split extensions.
Recall from [5] that a functor F : C → D is called separable if for any X,Y in C,
there is a map
HX,Y : HomD(F (X), F (Y ))→ HomC(X,Y )
such that HX,Y (F (f)) = f , for any f ∈ HomC(X,Y ), and HX,Y is natural in X
and Y . It is called a cleaving functor in [9].
The following lemma is well known; see [7, 1.2]
Lemma 3.1. Let (F,G, η : IdC → GF, ǫ : FG → IdD) be an adjoint pair between
categories C and D. Then the following statements hold.
(1) The functor F is separable if and only if there is a natural transformation
δ : GF → IdC such that δ ◦ η = Id.
(2) The functor G is separable if and only if there is a natural transformation
ζ : IdD → FG such that ǫ ◦ ζ = Id.
Let φ : A → B be an algebra extension. It induces the restriction functor G :=
HomB(B,−) : B-mod → A-mod, which is exact, and its left adjoint functor F :=
B ⊗A − : A-mod → B-mod, which is right exact and sends projective A-modules
to projective B-modules. They extend to an adjoint pair (K∗(F ),K∗(G)) between
K∗(A-mod) and K∗(B-mod) in a natural manner, where ∗ can be b or −. We have
another adjoint pair (LF,D−(G)) between D−(A-mod) and D−(B-mod), where
LF is given by q ◦K−(F ) ◦ p with q : K−(B-mod)→ D−(B-mod) the localization
functor. If F is exact, then LF = D−(F ).
The following lemma is well known. For the first statement, we compare [9, 3.1].
Lemma 3.2. Keep the notation as above. Then the following statements hold.
(1) The functor F is separable if and only if K∗(F ) is separable if and only if LF
is separable.
(2) The functor G is separable if and only if K∗(G) is separable, which is implied by
the separability of D−(G). If we assume further that F is exact, then G is separable
implies that D−(G) is separable.
Proof. For (1), if F is separable, then by Lemma 3.1, the unit of (F,G) has a retrac-
tion. Now we can extend it termwise to a retraction of the unit of (K∗(F ),K∗(G)).
By Lemma 3.1 again, K∗(F ) is separable. On the other hand, the retraction of the
unit of (F,G) can be obtained by restricting the unit of (K∗(F ),K∗(G)) on degree
zero. Here, we view modules as stalk complexes concentrated in degree zero.
Now we assume that F is separable. By the argument above,K−(F ) is separable.
So the unit η of (K−(F ),K−(G)) has a retraction δ. Since G is exact, the unit of
(LF,D−(G)) on each X in D−(A-mod) is ηpX ◦ a
−1
X , where aX : pX → X is the
projective resolution. So aX ◦ δpX is a retraction of ηpX ◦ a
−1
X . By Lemma 3.1, LF
is separable.
Conversely, if LF is separable, the unit of (LF,D−(G)) has a retraction. For each
A-module X , denote by fX : K
−(G)K−(F )(pX)→ X the retraction of ηpX ◦ a
−1
X .
Now taking the cohomology of degree zero, we have
H0(fX) ◦H
0(ηpX ◦ a
−1
X ) = H
0(f ◦ ηpX ◦ a
−1
X ) = IdH0(X).
Since F is right exact and G is exact, we identify H0(K−(G)K−(F )(pX)) with
GF (X). We further identify H0(ηpX ◦a
−1
X ) with ηX , the unit of (F,G) on X . Then
we obtain a retraction H0(fX) of ηX . So F is separable by Lemma 3.1.
For (2), the statement that G is separable if and only if so is K∗(G) can be
proved dually as (1). The counit of (LF,D−(G)) on each Y in D−(B-mod) is
ǫY ◦K
−(F )(aD−(G)(Y )), where ǫ is the counit of (K
−(F ),K−(G)).
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If D−(G) is separable, for each B-module Y , ǫY ◦ K
−(F )(aD−(G)(Y )) has a
retraction, say gY . Then H
0(K−(F )(aD−(G)(Y )) ◦ gY ) is the retraction of H
0(ǫY ),
which coincides with the counit of (F,G) on Y . So G is separable.
Finally, if K−(G) is separable, the counit ǫ of (K−(F ),K−(G)) has a retraction,
say ζ. For each Y ∈ D−(B-mod), K−(F )(aD−(G)(Y )) is a quasi-isomorphism since
F is exact. So K−(F )(aD−(G)(Y ))
−1 ◦ ζY is a retraction of ǫY ◦K
−(F )(aD−(G)(Y )).
Recall that ǫY ◦K
−(F )(aD−(G)(Y )) is the counit of (LF,D
−(G)) on Y . ThenD−(G)
is separable. 
Remark 3.3. The condition in (2) that F is exact is necessary; see Example 4.4.
The original definitions of separable and split extensions are in [5, 1.2]. For
convenience, here we adopt the equivalent definition.
Definition 3.4. [5, 1.3] We call an algebra extension φ : A → B a split exten-
sion if B ⊗A − : A-mod → B-mod is separable, and a separable extension if
HomB(B,−) : B-mod→ A-mod is separable.
Example 3.5. Let A be a k-algebra.
1) For each ideal I of A, the canonical quotient A→ A/I is separable.
2) Let G be a finite group acting on A with its order |G| invertible in k. Then
the extension from A to its skew group algebra AG is separable and split; see [8,
Section 1]
3) Let K/k be a finite separable field extension. Then the extension A→ A⊗k K
is separable and split.
4. derived-discreteness and split/separable extensions
We keep the notation as in Section 3. The following main result shows that
derived-discreteness is compatible with split/separable extensions.
Theorem 4.1. Let φ : A → B be a k-algebra extension between two finite dimen-
sional k-algebras. Then following statements hold.
(1) If φ is a split extension and B is derived-discrete over k, then A is derived-
discrete over k.
(2) If φ is a separable extension with the right A-module BA projective and A is
derived-discrete over k, then B is derived-discrete over k.
Proof. For (1), if A is not derived-discrete, by Lemma 2.5 there is an n ∈ N(Z) such
that
{[P ] ∈ Kb(A-proj) | c-dimkP = n}
is an infinite set. Since dimkK
b(F )(P )i = dimkB ⊗A P
i for each i, the set
{c-dimkK
b(F )(P ) | dimkX = n}
is bounded, say by m ∈ N(Z). By the derived-discreteness of B and Lemma 2.5,
{[Kb(F )(P )] ∈ Kb(B-proj) | c-dimkK
b(F )(P ) ≤ m}
is a finite set. Therefore
{[Kb(F )(P )] ∈ Kb(B-proj) | c-dimkP = n}
is a finite set. Then
{[Kb(G)Kb(F )(P )] ∈ Kb(A-mod) | c-dimkP = n}
is a finite set.
Since φ is a split extension, each P ∈ Kb(A-proj) is a direct summand of
Kb(G)Kb(F )(P ) inKb(A-mod). Then the first and last sets above imply that there
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is an object Kb(G)Kb(F )(P ) in Kb(A-mod) with infinitely many pairwise non-
isomorphic direct summands, which is impossible as Kb(A-mod) is Krull-Schmidt.
For (2), it is a consequence of Lemma 3.2 2) and the following lemma. 
Lemma 4.2. If φ : A → B is a separable algebra extension with D−(G) separable
and A is derived-discrete over k, then B is derived-discrete over k.
Proof. If B is not derived-discrete, there is an n = (ni)i∈Z ∈ N
(Z) such that
{[X ] ∈ Db(B-mod) | dimkX = n}
is an infinite set. Since dimkD
−(G)(X) = dimkX and A is derived-discrete,
{[D−(G)(X)] ∈ Db(A-mod) | dimkX = n}
is a finite set. Then
{[LFD−(G)(X)] ∈ D−(B-mod) | dimkX = n}
is a finite set.
Since D−(G) is separable, Lemma 3.1 implies that each X ∈ Db(B-mod) is
a direct summand of LFD−(G)(X) in D−(B-mod). Then the first and last sets
above imply that there is an object Y in D−(B-mod) with infinitely many pairwise
non-isomorphic direct summands in the first set above. Let t be the least number
such that nt 6= 0. Denote by τ≥tY ∈ D
b(B-mod) the good truncation of Y at
degree t. Each direct summand of Y in the first set above is still a direct summand
of τ≥tY . So τ≥tY has infinitely many pairwise non-isomorphic direct summands.
It is impossible since Db(B-mod) is Krull-Schmidt. 
Remark 4.3. The above theorem may hold for derived-tameness. If gl.dimA <∞,
it has been proved that the derived-tameness of B implies that of A; see [10,
Theorem 3.1].
In (2) of the above theorem, the condition that B is a projective right A-module
is necessary.
Example 4.4. Let k be algebraically closed, and Q be a quiver as
2 b
''PP
PP
PP
1
a 77♥♥♥♥♥♥
c ''PP
PP
PP 4
3 d
77♥♥♥♥♥♥
Consider the quotient kQ/〈ba〉։ kQ/〈ba, dc〉. It is a separable extension. We have
that kQ/〈ba〉 is derived-discrete. But kQ/〈ba, dc〉 is iterated tilted of A˜ type, which
is not derived-discrete; see [9, 2.1 and 2.2]. In this case, D−(G) is not separable,
otherwise kQ/〈ba, dc〉 is derived-discrete by the lemma above.
5. piecewise hereditary and split/separable extensions
We give an analogous statement for piecewise hereditary algebras in this section.
Recall that an algebra is called piecewise hereditary of type H if it is derived
equivalent to Db(H) for a hereditary abelian category H . When k is algebraically
closed, recall from Remark 2.2 that one class of derived-discrete algebras is the
piecewise hereditary algebras of Dynkin type. In view of Theorem 4.1, it is natu-
ral to expect that piecewise hereditary algebras is compatible with split/separable
extension.
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Proposition 5.1. Let φ : A → B be algebra extension between two finite dimen-
sional k-algebras. The following statements hold.
(1) If φ is a split extension and B is piecewise hereditary, then A is piecewise hered-
itary.
(2) If φ is a separable extension with the left A-module AB projective and A is
piecewise hereditary, then B is piecewise hereditary.
Recall that the strong global dimension of a k-algebra A is defined by
s.gl. dimA = sup{l(P ) | 0 6= P ∈ Kb(A-proj) indecomposable},
where l(P ) = min{b − a | a, b ∈ Z, b ≥ a, and P i = 0 for i < a and i > b} is the
length of P 6= 0.
We have a homological characterization of piecewise hereditary algebras saying
that A is piecewise hereditary if and only if s.gl. dimA is finite; see [4, Theorem 3.2].
Proof. For (1), we claim that s.gl. dimA ≤ s.gl. dimB. Indeed, for each indecom-
posable P inKb(A-proj), by Lemma 3.2, P is a direct summand ofKb(G)Kb(F )(P )
in Kb(A-mod). The length of each direct summand of Kb(G)(P ) in Kb(B-proj)
is not larger than s.gl. dimB. As l(Kb(G)Kb(F )(P )) = l(Kb(F )(P )), and each
indecomposable direct summand will not have larger length, we have that l(P ) ≤
s.gl. dimB.
For (2), the condition that B is a projective left A-module makes G sending
projectives to projectives. So we can prove that s.gl. dimB ≤ s.gl. dimA similarly
as above. 
In the proof of Proposition 5.1 (2), the condition that AB is projective is neces-
sary.
Example 5.2. Let k be algebraically closed, and Q be a quiver as
2 b
''PP
PP
PP
1
a 77♥♥♥♥♥♥
c ''PP
PP
PP 4
3 d
77♥♥♥♥♥♥
Consider the quotient kQ ։ kQ/〈ba〉, which is a separable algebra extension. We
have that kQ is (piecewise) hereditary, but kQ/〈ba〉 is derived-discrete but not
piecewise hereditary; see Remark 2.2.
Consider Example 3.5 2) and 3). They are both split and separable extensions
with A⊗k K and AG both left and right projective A-modules. Recall the classifi-
cation of derived-discrete algebras mentioned in Remark 2.2.
Proposition 5.3. Keep the notation as above and assume that A is connected with
k algebraically closed. Then A admits a presentation kQ/I such that (Q, I) is a
gentle one-cycle quiver with the clock condition if and only if so is each connected
component of A⊗k K or AG.
Proof. Notice that an algebra is derived-discrete (or piecewise hereditary) if and
only if so is each its connected component. If A admits such presentation, by the
classification of derived-discrete algebras, A is derived-discrete but not piecewise
hereditary. By Theorem 4.1, A ⊗k K (resp. AG) is derived-discrete. By Proposi-
tion 5.1, A⊗kK (resp. AG) is not piecewise hereditary. Hence by the classification
of derived-discrete algebras again, each connected component of A⊗kK (resp. AG)
admits such presentation. The same argument works for the “only if” part. 
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